Abstract. The objective of this study is to determine stress intensity factors (SIFs) for a crack in a functionally graded layer bonded to a homogeneous substrate. Functionally graded coating contains an edge crack perpendicular to the interface. It is assumed that plane strain conditions prevail and the crack is subjected to mode I loading. By introducing an elastic foundation underneath the homogeneous layer, the plane strain problem under consideration is used as an approximate model for an FGM coating with radial grading on a thin walled cylinder. The plane elasticity problem is reduced to the solution of a singular integral equation. Constant strain loading is considered. Stress intensity factors are obtained as a function of crack length, strip thicknesses, foundation modulus, and inhomogeneity parameter.
Introduction
In this study a crack problem in a radially graded FGM is considered. Functionally graded coating with a crack perpendicular to the interface and a homogeneous substrate are bonded together as shown in Fig. 1 . In order to make this problem analytically tractable, one can consider the plane strain problem of two bonded layers attached to an elastic foundation. Such an approach has been used earlier in [1] and [2] . By attaching the homogeneous layer to the elastic foundation, a two-layered strip with an internal crack is modeled as shown in Fig. 2 . By taking a = 0, the edge crack problem can also be modeled and choosing appropriate values for the foundation modulus, the crack problem for a thin walled cylinder can be approximated. Figure 1 : The geometry of a radially functionally graded coating-substrate system A brief survey of relevant literature is given below. The problem of a circumferential crack in a thin walled composite cylinder was considered by Rizk and Erdogan [1] . Erdogan and Wu studied a single functionally graded strip with an internal or edge crack [3, 4] under mechanical and thermal loads. The problem of an FGM layer bonded to a homogeneous substrate with various internal and surface crack configurations in the coating and in the substrate were considered by Kasmalkar [5] . The cylindrical FGM layer with a circumferential crack normal to the surfaces was investigated by Kadioglu et al. by introducing an elastic foundation [6] . The static crack problem of a functionally graded coating-substrate structure with an internal or edge crack in the coating, perpendicular to the interface is investigated under an in-plane load by Guo, Wu, Ma, and Zeng [7] . 
Formulation of the Problem
It is assumed that the elasticity problem associated with the crack-free two layered strip on an elastic foundation subjected to external loads is solved and the stresses at the possible location of the crack are determined. Then, to calculate the SIFs for the cracked structure, one may only consider the local perturbation problem in plane elasticity where the only nonzero external loads are the crack surface tractions. The loading is assumed to be such that y = 0 plane is a plane of symmetry with regard to geometry and loading conditions. Thus the corresponding crack problem is one of mode-I and it can be treated by considering one half (y > 0) of the medium only.
The nonhomogeneity of the layer is assumed to be such that its shear modulus varies across the thickness as an exponential function given by
where β is the nonhomogeneity constant. This exponential form is selected basically for mathematical convenience. Poisson ratio is assumed to be constant. In a previous study, it was shown that the effect of Poisson's Ratio on SIFs is insignificant [8] .
If the strip on the elastic foundation is to be interpreted as a thin walled cylinder, foundation modulus can be determined as 
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and i R is the inner radius. The governing partial differential equations of the problem under consideration are given as,
for the FGM layer where u and v are the displacements in x and y directions. For the homogeneous layer the governing equations can be obtained by setting 0 = β . The problem must be solved subject to the following boundary conditions.
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( ) ( )
If there is a crack on the symmetry axis, displacements and stresses must satisfy the mixed boundary conditions (6), (7) . Eq. (8) is a symmetry condition. Eq. (9) represent the free surface condition for the FGM layer. Eq. (10)-(11) are the continuity conditions for perfect bonding. Eq. (12) represents the connection between elastic foundation and homogeneous layer. Subscript h represents homogeneous layer. To apply stress boundary conditions one can make use of Hooke's Law which is given as 
for the FGM layer and 
for the homogeneous layer. In the expressions above m j , n j , p k , q k are known functions [9] whereas A j , (j=1,2) B k and D k (k=1..4) are supposed to be found from boundary conditions. At this point, another auxiliary unknown function is defined in the following form,
It follows that g(x)=0 for 0 < x < a and b< x< h 1 which is a consequence of the fact that v(x,0)=0 outside the crack. By using Eq. (18) along with (19) and Eq. (8) one can express A j in terms of integrals containing g(t). Then by using the eight homogeneous boundary conditions (9)- (12), one can express the other unknown functions B j and D j also in terms of the unknown auxiliary function. Having expressed all the unkonwns in terms of g(t), a singular integral equation can be obtained for g(t) by using (7) . The details of this rather lengthy procedure outlined above is given in [9] . By using the normalized variables , where
the singular integral equation can be expressed as follows:
where
Now, it can be shown that the mode-I SIF for an edge crack is given as,
On the numerical solution of singular integral equation. The singular integral equation (21) is solved by using a series expansion collocation method, an example of which can be found in [10] . This method involves expressing the unknown function as a series of appropriate Jacobi Polynomials with undetermined coefficients. Discrete values of r are used as collocation points. By doing so the singular integral equation is converted to a linear system of equations with unknown coefficients.
After determining the coefficients, the values of G(s) and therefore, the mode-I SIFs are also determined.
umerical Results and Discussion
In this section, sample numerical results for the normalized SIFs are presented for an edge crack (a=0). The nondimensional parameters E 2 /E 1 and R i /h 1 are denoted as E* and R* respectively. Poisson's ratio is taken as 0.33. In order to verify the formulation and the computer program, comparisons are made with the results given in [2] , [6] and [7] which can be treated as special cases of the problem considered here. A good agreement is obtained in these comparisons [9] . In this type of loading ε y (x)=ε 0 is assumed. Then,
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In the sample results, given in Fig. 3 , crack length (b/h 1 ), layer thickness ratio (h 2 /h 1 ), radius radio (R*) corresponding to foundation modulus and E* corresponding to nonhomogeneity parameter (βh 1 ) were considered. Hence, the influences of the above listed parameters on the normalized SIFs could be observed. From Fig. 3 it can be concluded that the normalized SIFs increase as b/h 1 increases when E* >1. h 2 /h 1 ratio doesn't seem to have an important effect on SIFs. On the other hand, when E* <1, SIFs first decrease and then start to increase as the crack length increases. This behavior is strongly influenced by h 2 /h 1 ratio. For large h 2 /h 1 ratios the decrease in SIF is more prominent. As far as the influence of E* on SIFs is concerned, the SIFs increase as E* increases. The stiffness of the elastic foundation seems to have only a minor influence on SIFs for E*>1. Its influence is more significant when E* <1, especially for small h 2 /h 1 ratio.
Conclusion
The following conclusions could be drawn: Under uniform strain loading,
• when the stiffness of the FGM layer is decreasing with depth, normalized SIFs could have a minimum value with respect to the crack length, indicating the possibility of crack arrest.
• normalized SIFs increase as inhomogeneity parameter increases. It is also observed that when the stiffness of the FGM layer increases with depth,
• as the radius of the cylinder increases, the change in the normalized SIFs remains practically constant.
• the thickness of the substrate appears to have only a very minor effect on normalized SIFs.
